We study s-extremal codes over F 4 or over F 2 . A Type I self-dual code over F 4 or over F 2 of length n and minimum distance d is s-extremal if the minimum weight of its shadow is largest possible. The purpose of this paper is to give some results which are missing in a series of papers by Bachoc and Gaborit [2], by Gaborit [6], and by Bautista, et. al. [1]. In particular, we give an explicit formula for the numbers of the first four nonzero weights of an s-extremal code over F 4 . We improve a bound on the length for which there exists an s-extremal code over F 4 (res. F 2 ) with even minimum distance d (resp. d ≡ 0 (mod 4)), and give codes related to s-extremal binary codes.
Introduction
Binary self-dual codes have been of great interest since the beginning of the coding theory partly because many good linear block codes are either self-orthogonal or self-dual. Furthermore, they have nice properties; in particular, the weight enumerator of a binary self-dual code is invariant under a certain finite group, which often restricts the minimum distance of such a code. We refer to [12] for a full discussion of self-dual codes.
It was Conway and Sloane [4] who introduced the notion of the shadow of a binary selfdual code in order to get additional constraints in the weight enumerator of a singly-even binary self-dual code C. The shadow S of C is defined as
Let d be the minimum distance of C and s the minimum weight of S. Bachoc and Gaborit [2] showed that 2d + s ≤ n 2 + 4, except in the case n ≡ 22 (mod 24) and d = 4[n/24] + 6, where 2d + s = n/2 + 8. Binary codes attaining these bounds are called sextremal [2] . Elkies [5] studied binary s-extremal codes for d = 2 and d = 4, and Bachoc and Gaborit considered the case when d = 6.
Rains [11] gave additional constraints of the weight enumerator of the shadow of an additive self-dual Type I code over F 4 and derived the best known upper bound on the highest possible minimum distance of these codes. Let A code meeting the appropriate bound is called extremal.
Following the ideas of Bachoc and Gaborit, Bautista, et. al. [1] introduce the notion of an s-extremal additive F 4 code. In [1] , the authors show that if there is an s-extremal F 4 code of length n with even minimum distance d, then n < 3d; they relate s-extremal F 4 codes to other s-extremal codes or extremal F 4 codes.
In this article, we give an explicit formula for A d , · · · , A d+3 , the numbers of the first four nonzero weights of an s-extremal code over F 4 . We hope that this formula can be used to verify the nonexistence of certain s-extremal F 4 codes. In particular, we show that for an s-extremal F 4 code of length n with even d, n ≤ 3d − 2, improving slightly n ≤ 3d − 1 of [1] and providing the optimality of n. We also briefly consider binary s-extremal codes. We observe that if there is a binary s-extremal code with parameters (s, d) of length n and d ≡ 0 (mod 4), then n ≤ 6d − 4, improving n ≤ 6d − 2 of [6] . Furthermore we relate a binary s-extremal code of length 6d to another s-extremal code of that length, and produce extremal Type II codes from certain s-extremal codes. One sees the parallelism between s-extremal codes over F 4 and those over F 2 .
s-Extremal Additive F 4 Codes
We recall basic definitions on additive F 4 codes from [3] , [7] .
An additive F 4 code C of length n is a subset C ⊂ F n 4 which is a vector space over F 2 . We say that C is an (n, 2 k ) code if it has 2 k codewords. If c ∈ C, the weight of c, denoted by wt(c), is the Hamming weight of c and the minimum distance (or minimum weight) d of C is the smallest weight among any non-zero codeword in C. We call C an (n, 2
The trace inner product of x and y is given by
where Tr : Definition 2.1. Let C be an additive F 4 code of length n which is self-dual with respect to the trace inner product. The shadow S = S(C) of C is given by
The next theorem, which is the F 4 -analog of [2, Theorem 1], was first given in [1] . Remark 2.4. It is interesting to note that the weight enumerator of any s-extremal code is uniquely determined and can be explicitly computed from the values of n and d (or n and s) [1] .
Gleason's Theorem for additive F 4 -codes holds as follows.
Theorem 2.5 ([9],[11],[1]). Let C be an additive F 4 code of length n which is self-dual with respect to the trace inner product. Let S = S(C) be the shadow of C, and let C(x, y) and S(x, y) be the homogeneous weight enumerators of C and S, respectively. Then
and there are polynomials
and
Certain coefficients of P (x, y) and Q(x, y) are 0 as follows. Using the second equation of C(x, y) in Theorem 2.5 and Lemma 2.6, we have
Lemma 2.6 ([1]). Let C be an additive F 4 code of length n which is self-dual with respect to the trace inner product. Let S = S(C) be the shadow of C. Every vector in S has
Dividing both sides by (1 + y) n , we get
We expand f (y) as a power series of y as follows.
We plug this in Equation (2.1) to get the following lemma.
Lemma 2.7. Under the above notations, 
).
Similarly we obtain the following.
Now we can rewrite y
) as follows.
Then we plug the above calculations in Lemma 2.7 to obtain the following relation between κ i and A i 's.
Lemma 2.8. Under the notations as above,
On the other hand, we can evaluate κ i using the Bürman-Lagrange Theorem. We recall the Bürman-Lagrange Theorem (as stated in [11] ): If f (x) and g(x) are formal power series with g(0) = 0 and g (0) = 0 and the coefficients κ i are defined by
Our functions f (y) and g(y) satisfy these hypotheses, and we have
Similarly we obtain the following. 
Example 2.12. Let C be an s-extremal additive F 4 code of length n = 6 with minimum distance d = 3. For example, take as generator matrix of C the 6 by 6 circulant matrix whose first row is (1, ω, 1, 0, 0, 0) (see [8] ). This code is equivalent to the odd Hexacode O 6 [9] . We show how to compute the weight distribution A 3 , A 4 , A 5 , and A 6 by finding corresponding κ i 's. As κ 3 = −2 coefficient of y 
s-Extremal Binary Codes
In this section we consider binary self-dual codes and produce related codes from s-extremal binary codes, as an F 2 analogue of [1] .
Let C be a binary Type I self-dual code of length n and let S be its shadow. Let C 0 be the doubly-even subcode of C and let
It is well known that C (1) = C 0 ∪ C 1 and C (3) = C 0 ∪ C 3 are self-dual if and only if 1 ∈ C 0 , i.e., 4|n (see Lemma 9.4.6, Theorems 9.4.7 and 9.4.10 in [10] ).
Conway and Sloane [4] showed that there exist c 0 , · · · , c [n/8] ∈ R such that:
Applying the Bürman-Lagrange Theorem to certain transformed equations of the above equations, Bachoc and Gaborit [2] introduced a notion of an s-extremal binary code. Following the proof of the above theorem in [6] , we have that for any binary s-extremal code,
In particular, if n = 6d − 2, then Codes related to s-extremal additive F 4 codes are described in Propositions 7.1 and 7.3 in [1] , whose proofs however contain minor errors. We show that this can be done analogously for binary s-extremal codes in the following propositions. We include the proofs for completeness. 2) ). Thus both C (1) and C (3) are Type I self-dual codes; self-duality follows as 4|n. We may assume that C 1 contains a vector x of minimum weight s. There are two possibilities
is C 2 ∪ C 3 , and its minimum weight is s = min{d(C 2 (1) and C (3) are extremal Type II codes with minimum distance d + 2. Moreover the weight enumerators of C 1 and C 3 are the same and are explicitly determined.
Proof. As n 2 ≡ 0 (mod 4), 4|n and all weights in S are doubly-even. So C (1) and C (3) are Type II. Since d(S) = s, the minimum distance of C ) is extremal. Finally note that the weight enumerator of a binary extremal Type II code is uniquely determined by its length and that the weight enumerator of C 0 is explicitly determined by that of C. Thus the weight enumerator of C 1 and C 3 are the same and are explicitly determined.
Conclusion
We have obtained results concerning both s-extremal F 4 codes and s-extremal binary codes. In particular, we find an explicit formula for A d , · · · , A d+3 of an s-extremal F 4 code. This formula is of use for knowing a possible weight distribution of an s-extremal F 4 code. Furthermore, this formula might be used for the upper bound on the length of an s-extremal F 4 code when its minimum distance is odd. For example, suppose that there exists an sextremal F 4 code with odd d and n = 3d + 2. Then κ d+1 = 0 from Proposition 2.11. Hence A d+1 = 2A d by Lemma 2.8. All the weight enumerators of s-extremal F 4 codes in [1] do not have this relation. On the other hand we remark that one can obtain a formula for A d , · · · , A d+3 of a binary s-extremal code in an analogous manner.
We also have improved a bound on the length for which there exists an s-extremal code over F 4 or over F 2 with even minimum distance, and gave binary s-extremal or extremal codes constructed from binary s-extremal codes.
